Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



ROSSITEK'S 

KEY TO 
TEIGONOIETEY. 



I 



KEY TO THE EXERCISES 



ELEMENTS 




WILLIAM ROSSITEB, P.E.aA, P.R-A.a, 



LONDON: WILI,IAM TEGG. 



/8J. a ^^^ 



CONTENTS. 



\o 



PAGE 



Pabt L 

Chapter II. Simple Examples of Solution of 
Triangles 

„ III. Relations between the Batios of a 
Triangle 

„ IV. Linear, Sine, Cosine, &c. . 

„ y. Ratios of Angles greater than 90' 

„ VI. Solution of Right-angled Triangles 

„ VII. Sine and Cosine of A ± B . . 

„ VIII. Measurement of Angles . . . 

,, IX. Circular Measurement of Angles. 

„ X. Actual Values of Sine, &c. . . 

„ XI. Solution of Oblique-angled Triangles 50 

Part II. 
General Examples . 60 



8 
18 
25 
32 
38 
43 
45 
48 



CONTENT& 



PAGE 



Pabt L 

Chapter II. Simple Examples of Solution of 
Triangles 

„ III. Relations between the Batios of a 
Triangle 

„ IV. Linear, Sine, Godne, &c. . . . 

„ y. Ratios of Angles greater than 90° 

„ VI. Solution of Right-angled Triangles 

„ VII. Sine and CJosine of A ± B . . 

„ Vm. Measurement of Angles . . 

,, IX. Circular Measurement of Angles. 

„ X. Actual Values of Sine, &c. . . 

„ XI. Solution of Oblique-angled Triangles 50 

Part II. 
Creneral Examples . 60 



8 
18 
25 
32 
38 
43 
45 
48 



KEY 



TO THE 



ELEMENTS OF TEIGONOMETEY. 



CHAPTEE n. (Page 40.) 

A 

I 




B a 



(1.) a» = c«-J« = 196-49, 

= 147; 
.-. a =12-1. 

Also, B : C : : 2 : 1. 

But i=OT»eof80°; .'.6 = 30° 

And A = 180° - 120° = 60°. 
Therefore A = 60°, B = 30°, and C = 90°. 

Also, a = 12-1,6 = 7,0 = 14, 
and the triangle is completely known. 



In this particular example it would be seen at 

b2 



8IMPLB SXAMPLBS OF 



6 7 1 

oncethat- = jj = 2; .•.B=30°. But the example 

is worked out here more generally as a guide for 
less obvious cases. 



(2.) -=1; .•.B = 46°,alsoA = 45°. 

Also, c« = a> + 6^ = 32; 

.-. c = 5*6. 
Therefore, A = 45°, B = 45°, and C = 90°. 
Also, a = 4, 6 = 4, and c = 6*6. 



a 3 1 
(3.) -=g = 2-= cosine of GOP; .•.B = 60°. 

Also, b = ^c^-- a», 

= V36"^9, 

= 6-2. 

Therefore, A = 30°, B = 60°, and c = 90°. 
Also^ a = 3, 6 = 6*2, and c = Q, 



r..h 1-74 V3 1 

^ ^^ a = ~3" ^ "3"= 73 = ^^y^^^ of 30°; 

.•.B=80°. 
Also, c = Va»TF=V 12, 

= 3-4. 
Therefore, A = 60°, B = 30°, and C = 90°. 
Also, a = 3, 6 = 1-74, and « = 3*4. 



.•.B = 30°. 



SOLUTION OF TBIANOLXS. 



Also, 6= V(r*-.a« = V4 = 2. 

Therefore, A = 60°, B = 30°, and = 90°. 
Also, a = 3*48, 6 = 2, and c = 4. 

We could also find b thus : — 

b 
B = 30°; .•.-=»*«€ 30; 

••c~2'"2~2" 



(6.) 



g 348 3-48 
c ~4(j()~ 4 • 



This problem then becomes identical with (5), 
except ihat b = 200 instead of 2. The triangles in 
(5) and (6) are sunilar, and therefore the angles 
respectively equal. But the sides in (6) are each 
100 times as long as the corresponding sides in (5). 



(7.) Let A G be the side of the house, B C the 
ground, and A B the ladder. 

Then, c = 14-1, A = 45°, and = 90°. 
Therefore, B also = 45°, 

and -- = tangent 45° = 1 ; 

,',b = a. 
But i« + a« = c« = 200; 

. • . a^ and J* each = 100, 
and a= b = 10. 

Therefore, A = 45^ B = 45°, and C = 90°. 
Also, a = 10, 6 = 10, and c = 14*1. 



(8.) Let A G be the tree, B G the ground, and 
A B the string. Then a = 10, c =- 20, and C = 90°. 



BSLATIONS BBTWEEN THE 



Then, h = ^ &^a^ = V 300 = 17-4. 

6 17-4 1-74 
And wnc B = -*= ^q = ~W~* 



= ^n- = W/ic 60° ; 



.•.B = 60°, and A = 30°. 
Therefore, A = 80°, B = 60°, and = 90°. 
Also, a = 10, 6 = 17*4, and = 20. 



(9.) Let B be the direct route across, A B the 
actual route, and A C the distance the boat drifts. 
Then, a = 100, B = 30°, = 90°. 

Then | = tangent 60° = V 8; 

and - = cosine 60° = « > 

. • . c = 2 6 = 115. 
Therefore, A = 60°, B = 30°, C = 90°. 
Also, a = 100, 6 = 67-7, c = 115. 



CHAPTER m. (Page 44.) 



(1.) Sin = g. 

Cosec = -^ = 3. 

8tU 



Cos 



= Vl-S»^^ = Vl-g = ^5=^- 



Sec 

Tan 

Cot 


RATIOS OF A TBIAKOLE. i 

1 3 

cos 78' 

«m _ 1 . 3 18 8 

cos 3*8 33 9* 

_ 1 -.9 
tan I' 


(2.) Cos 

Sec 


1 

= i- = 2. 

cos 

/' ""1 /ft /^ 


Sin 
Cosec 

Tan 

Cot 

(3.) Tan 

Cot 


_ 1 _ 2 

sm ^3' 

^ 1 _ 1 

tow 7 3' 

= 4. 

_ 1 _1 
tow 4* 


Sec 
Cos 

Sin 
Cosec 


= VI + tow» = VI + 16 = V17. 
- 1 _ 1 
see V'^ 

_ 1 _V17 

««w 4 



10 BIBLATIONS BETWEEN THE 



(4.) 


Sin 
Cosec 


1 
~9* 

1 - 

8171 


= 9. 










Cos 






v^- 


1 
81 


V80 
9 ' 




= Vi 


— «tV = 




Sec 


_ 1 _ 

COS 


9 










Tern 


sin 
" cos ' 


1 

9 

V80" 

9 


1 
V80- 







Cot = -L = V80. 
tan 



(5.) (7osec = 2. 

cosec 2 



Cos 
Sec 

Tern 



= VI - 8w2 = >y/l " 5 = "2- 



cos y^3' 

_ sin _ 1 _^ >v/3 _ 1 
"co^' 2*2 V3' 



Coe = :r^ = V3. 



(6.) Co* = |. 

7bw =1 = 4. 

CO* 
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Sec 
Cos 

Sm 
Coaec 

(7.) Sec 
Cos 

Sin 
Cosec 

Tom 
Cot 

(8.) Sin 

Coseo 

Cos 
Sec 



Tan = 



VI + Um^ = VI + 16 = V 17 
1 _ 1 
sec V17' 

1 _ VI7 

sin 4 



2. 
_1 

sec 



2* 



1^ 

sin 

sin 
cos 

tan 



2 

= 75- 

1 

"78- 



V3 
IT 



1 

2- 
= 4-= -2. 



1 

sin 



cos 

sin 
cos 



- ««« = /y/r7| = i^ 



2 

7B- 

1 

~2 

2 



-1 

75- 



12 
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^^ =i^="^^- 



(9.) Ow 

Sec 

Sin 
Cosec 
Tan 
Cot 

(10.) Tcm 
Cot 

See 
Cos 

Sin 
Cosec 



1 

cos 

sin sJVl 

sin a/17 . —1 firr 

COS 4 4 
, 1 _ -1 

<an V17* 



-1 



= VI + <»«' = \/ 



1 + ^ = 



V5 



sec ,Jb' 

V 1 - cos* = ^1-.| = 



1 

7^ 






niN Sijc = -7. 

MC ""7* 
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8in = ^l-'cos^ = A^l + y = >y/^. 

Cosec = — = A / Q. 
8tn V o 



7v,« - «^ -. /8 . -1 „ 7^8 _ / fiA 



to» ;^56" 



(12.) (7(wec = - 6. 

8m = JL= "1 



cosec 6 



Sec =1= 6 



COS ^36' 

Tern =!^=4^V|6= - 1 
cos ^ • 6 V35 

ec« =± = V85. 
tew 



(18.) lltan= 7-784, find sm and sec 



o. ten 

iSin =-7=====-, 

V*an« + 1 
7-784 



V7-784«+i' 
, 7-784 

= •998. 
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Sec = VrTToT?* 

= 7-8. 



(14.) If sin = '47, find cot and cob. 



Cot = r , 

Bin 



_ Vl - '47' 

__-88 
"Iff' 
= 1-87. 



C5m = Vl — 8inh 
= •88. 



(15.) If tan = 7 '41, find cob and cowc. 

1 

1 

= 133. 



^'^= fan ' 
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_ VH-7'41' 
ton * 

^7-47 
= 1008. 



(16.) Usee = 4*8, find sin and tan. 

Sin = ^^^-\ 

sec 

, V4'8«-1 
4-8 ' 

,4 69 

4-8 ' 

= •97. 
Tan = fj sdc^-^ 1, 

= V4-8«-l, 

= 4-69. 



(17.) If CM = '67, find tank and «cc. 

Ton = lUE^, 
cos 

_ Vl--67« 

^•82 
•57' 
= 143. 



16 BflLATIONB BETWVBN THE 

,SCC= — , 

COS 

1 

= 1-7. 



(18.) If cosec = 4*84, find tern and cot. 

Tan = y g , , 

V cosec* — 1 

^ 1^ 

1 

4-73' 
= •21. 



^^^ ^Vco8«^l^ 
cosec 
,4-73 
4-84' 

= •97. 



(19.) If sec = 3*6, find fi«n and ton. 

V ec« = l 



/S*n = 



sec 

,V3'6^-1 
3"-6 ' 
_3-4 
~ 3-6' 
= •94. 



BATIO0 OF A TBIAKOLB. 17 

Tan = V aec'"^ -^, 
= 3-4. 



r20.) If co^ = 7-4, find all the other latios. 

VI + cot* 



1 
= •13. 

cot 



Cos = 



Vl + coi*' 

7-4 
Vl + 7-4*' 
7-4 





7-46' 




= -991. 


Ton 


__ 1 
cot' 




1 

'7-4' 




= -135. 


/S^ 


1 



02 



18 
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1 

•991' 
= -1009. 



Cosec = -:-, 

__ 1 
^•13' 

= 7-6. 



CHAPTER IV. (Page 51.) 




(1.) AB = 4, AE = 6, BC = 1. Find AC, 
AD, andDE. 

AC = VAB«-BC^ = V16^^ = V15. 
Also, AD : A C : : AE : AB : : 5 : 4; 
.-. AD: V15::5:4; .•.4AD = 5V15; 

And DE : BC : ; iE : AB : : 5 : 4; 
.•.DE:1::6:4; 

.•.DE = 5. 

4 

Therefore AC = ^15, AD= 5^15, and DE = f 

4 4* 
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(2.) AB=5,CD=1. FiiidAO,BE,BO,andDE. 
AD = AB; •.•both are radii; 

.•.AC = 4; .•.BC = V25-16 = 3. 
Also, BE: AB::CD: AC; 

.•.BE: 6:: 1:4; 

.•.BE = f. 
4 

. And DE:BC:: AE: AB; 

.•.DE:3::?5:5, 
4 

and I>E = M. 

4 

Therefore A = 4, BE=5, BC=3, andDE=?^. 

4 4 



(8.) A = D C. Find the value of ^and of ^ 

AE DE. 

AD = 2AC; .•.AB = 2AC; 

.-. AE = 2AB, 

and AB = 1 

AE 2 

Butalso BC:DE:: AB: AE; 

. BC,AB^1 

• 'DE AE 2* 

In this example the secant = twice the radins; 
also, the tangent = twice the sine, and the cosine 

= ^^ = ?5^. The angle of which these are 
true = 60° 



(4.) D E is always greater than B 0, except when 
both = 0; t. e., when angle a = 0. In this case, 
angle i8 = 90. 



20 UNEAB SINE^ OOSINB, BTO. 

(5.) Find the magnitude of a and 3, when D' E' = 
DE. 

D E = tangent of a, D' E' = tangent of $. 

These can only be equal when a = /3 ; t, e,, when 
each = 45°. 



(6,) Find the magnitude of angle ABC, when 
AE = 2AD'. 

AE'=2AD'.-.AB = 2BC; 

. • . angle a = 30°. 
But angle A B C = 90° - 30° = 60^ 



(7.) Prove i8 = 30° when AB = BD. 

AB = BD, also, AB = AD; 

.•.BD = AD; 

. • . the triangle A B D is equilateral ; 

. • . each of its angles is 60°; 

. • . angle o = 60° ; 

. • . angle fi = 30°. 



(8.) A B = 5. Find AC, A E, and D E, ii 
/8 = 30°; 

.-.3 = 30°; .-.0 = 60°; 

cosineof 60°=i=^; 

AB_6 
"2'~2* 

Also, AE = secant of 60° = 1- = 2; 

cos 

.-. :^ = 2.-.AE = 10. 
A B 



.•.AC = 
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And DE = VAE^":rrD2 = >/lOO - 25 = ^76. 
Therefore, A C = ^, A E = 10, and DE = ^76. 



(9.) If WW a = -484, find cos, tan, and «cc of /8. 

5«w o = cos /3 ; 
.•.co8i3 = -484. 



Tan iS = '^ -^ "■ ^^ 



cos 

•484 ' 
^ '874 
•484' 
= 1-8. 



cos 



•484' 
= 2-07. 



(10.) If ^os a = '674, find ton and cosec of p. 

Cos a = sm fi ; 
.•.«»^ = •674. 

7V,-» ft g*^ff 

V 1 — nn^ /3 
•57 4 

7r^^67f«' 



22 



1 


LINBAB SINE, 008INB, BTO. 






• 


•674 
•818' 
= -701. 






Co9ec 


. 1 

8m 
1 
"-^674' 






If tcm a = 

Tan a 

.'.cotp 


= 1-74. 




(11.) 


: 4*79> find sin and cos 
= cotP; 
= 4-79. 


of/3. 



Sin 8= J I 

1 
- Vl + 4-79«' 
1 
4-89' 
= -204 

= Vl-'204«, 
= •979. 



(12.) If co^ o = 6*84, find sec and sin of ^. 
Co* a = tan ^ ; 
.•.tow/8 = 6^84. 
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/Sec /8 = V 1 + tcm^ /8, 
= 6-91. 



tan /9 
Sinfi = 



" V6-84:+l' 
_6-84: 

= -989. 



(13.) If sec a = 7'9, find tow and cosec of /8. 

/Sec a = cosec $ ; 
.*. cosec = 7*9. 



ThniS = 



1 




^/ cosec^ 

1 


-1^ 


V79«- 

1 


r 



7-8' 
= -128. 



(14.) If cosec o = 2-57, find all the ratios of jS. 

Cosec a = sec fi; 
.'. sec fi = 2*67. 
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1 



C08fi=: 



sec $' 
1 

= •38. 



/Stn = Vl '-cos* 

= vr^^sg*, 

= -925. 

1 
= -107. 

Tan = ^»ec* — 1, 
= 2-36. 



1 
"576* 

= •42. 
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CHAPTER V. (Page 59.) 

A 




(1.) 



TangentofB = - = |; 

a o 



.'. B ifi between IS'' and 60°. 

For tan 45° = 1, and ton 60°= 1*7. 

But b being — Z>, . * . it is drawn below B C{ and 

a being +, . * . the angle B is in the 4th qnadraait ;. 

. * . it is 270^ greater than if in the 1st quadrant ; 

. • . B is between 315° and 330°. 

And A = between 90° - 60° and 90° - 45°, 
= between 30^ and 45°. 



(2.) This is precisely as in last example, ezoept 
that a and h being both — , the angle must be in the 
drd quadrant; 

. • . B = between 225° and 240°, 
and A = between 30° and 45°. 



1 — /3 

(3.) The sine of an angle = g, the cosine = — jji-- 

Find magnitude of angle, and yalues of remaining 
ratios. 
The sine is + between 0° and 180°. 
The cosine is - between 90° and 270°. 
. * . the given angle is between 90° and 180°. 

D 
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But g = sine of 30° = sine of 90° + 30°. 

. • . the given angle = 120°, 
and is in the 2nd quadrant. 

Also, sin = ,; .-. cosec = 2; 

tan = ^^-Q ; . • . co^ = — ^S. 



(4.) The secant = 2, tangent = — ;/8. 
Find other ratios, and value of angle. 
The secant is + in Ist and 4th quadrant. 
The tangent is — in 2nd and 4:th quadrant. 

. ' . the given angle is in the 4th quadrant. 
But 2 = secant of 60° = secant of 270° + 60°; 
. ' . the given angle is 330°. 

Then also, sec = 2; .'.cos = - ; 

tofiz — V3; .". cGt =^; 
also, «« = — ^— J • * • <^<w^ = ^• 



(5.) The cotangent = — 2 cosine. 
Find the other ratios, and the angle. 

Now ? = 2-; .-. 2^ = i; .'.2h=zc; 
he a a 

. • . - = - = sine of B = s»n€ 30^ ; 
c ^ 

.•.B = 30°. 
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The ratios of 30° are already known : 

sine = — , cosecant = 2, 

cosine = ^^, secant = — ^, 

tangent =—t^, cotangent = j^3. 

Now as to the quadrant in which the angle is : 
The cotangent may be xx)sitiye and the cosine nega- 
tive, or vice versct. Now cot and cos are both alike 
between 0° and 180°, but unlike between 180° and 
360°; 

.-.the angle may be 180° + 30° = 210°; 
or, 270° + 30° = 300. 



(6.) The sine = ^^^. 

Find the other ratios and the angle. 



Now, 


2^=*: . 

c a 


". C : 


= 2 a. 






cos 1 


of 60^. 




.-. B = 60°. 






The ratios 


are already known 


• 
• 




«« = f . 


cosec 


,_ 2 
^/5' 




CO. = ^, 


sec 


= 2. 




tan = Js/S, 


cot 


1 



As to the quadrant in which the angle is, it must 
be either the 1st or 4th, since the sine and tangent 
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hKfe the Mme agn, iHiidi m nol flie c»e m tbe 
2^ and Sid qiuidbraitt& 
Therefoie, the n^ imiy lie 6GP or 270P + G(P 



rr.) Find an the xskioB of ^OP. 

The aii|^ 2Kf is greater than 18(F, bnl kas iiian 
t?r(F, therefore the radius of the dzcle win he the 
tfabd qnadjant, and the ratios of ^(P are the same 
as those of 240^- 18Cf= 6(F, excepting that some of 
them win he nmnuBL In fact, four oat of the six wiU 
be — , tiie tan and cot only being +. 

Tfaiis, if the an^e GOP, 

then, nn =^,(pagB35) 

tan = ^3, 
tee = % 

«* =75- 

Bnt, if the angle be 240° (i.e., 180° + 60°), 
then, $m = - ^* 

tan = V3, 
«cc = — 2, 

cosec = - -^, 
'^'" =73- 
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(8.) Find the sin and cot of 375°. 

The ratioB of 375° are the same as those of 360° 
+ 15° (i. e., the angle is greater than four right 
angles), and the radins will be in the first qnadrant, 
so that the signs will be the same as for 15°. In 
fsucty the ratios of 15° and 360^ + 15° are identical. 

Therefore, if the angle be 15° or 375°, 

^ VS + l 



2V2' 

tan =^^-\ 
V3 + 1 

-"- = 73-^1' 

cot - a/3 + 1 
A collection of these values is given on page 155. 



(9.) Fmd the tan and sec of 285°. 

The angle 285° may be written 270° + 15°, or as 
360° — 75°, and therefore the ratios will be the same 
— 75° = the ratios of + 75°, except that they are 
all — except the cosine and secant. 

Then, if the angle be 75°, (page 35) 

V3 + 1 

cos =^^, 

d2 



80 BATIOB OF ANGLKS 

tan =^j^^:ri' 
w /3-1 

^ =73+T 

^^^^ = 73+T 
But if the angle be - 75°, 

V3 + 1 

V3-1 

"'^ =73 + 1' 

•*' " 73^=1' 

cosec= \„^ =. 
V3 + 1 



(10.) Find the co^, sec, and si/i of 165°. 

An angle of 165° may be written 180° - 15°, and 
the ratios of 165° are therefore the same as those of 
15°, excepting that tiie sine and cosecant only are + , 
the other being — . 

. • . sin 165° = sin 15° = - ^^f5'2' 

V3 + 1 
cos „ = ^cos „ = 2I/2* 
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tan „ = — tan 15' 



o 



M 



sec ff ^ ^" oCC •• 



C09ec „ = cosec 



99 



cot „ = cot „ 



- _ V3-i 

" V3 + 1' 

"" 731- r 

- 2V2 

- 73^ri' 

- _ V8 + 1 

- 73-:n- 



(11.) Find aU the latios of SOOP. 

300° = 360^ -60'; 

.-. ratios of 300° = ratios of 60°, 
excepting that sec and cos only are + ; 

.', sin 300° = - sin 60° = - ^, 



COS 


it 


= COS „ 


1 


tan 


99 


= - tan „ 


= -V3, 


tec 


it 


= see „ 


= -2, 


cosec 


99 


= — cosec „ 


2 

"V3' 


cot 


99 


=f -cot „ 


1 
"73- 



(12.) Find all the ratios of 120°. 
120° = 180° - 60° ; 
. •. ratios of 120° = ratios of 60°, 
excepting that sin and cosec only are + ; 

.-. sin 120° = Mn 60° = ^, 

cos „ = — COS 60° =r — jj., 



32 



SOLimON 01* 



tan 
sec 



cosec 



cot 



ff 



9t 



»9 



t» 



= — tan 



= — sec 



tf 



>i 



= cosec „ = — 



= — cot 



if 



if 



= - % 

2 

V3- 
1 

73- 



Notice, that from these two it follows that the 
ratios of 300° are the same as those of 120°, except- 
ing the signs. That is, ratios of 180° + 60^ = ratios 
of 180° - 60°. Also, ratios of 60° = ratios of 
180° ± 60°, and generally, ratios of 05° = ratios of 
180° ± aj°. 



CHAPTER VI. (Page 64) 






B a c 




I:iGHT-ANGLBD TfilANOLES. 


(1.) \ 


.| = J = sen30° 




,-. B = 30°. 


Also, 


A = 60°. 


And 


a= Vc«-&2= ^12. 



(2.) a = 17-4, c = 20. Find A, B, and h, 

a 17-4 1-74 _ V3 ^i^arn. 
^ = -20-=-2- = V='^^^^' 
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.-. A = 60°, and B = 30°. 
Also, 6 = Vc«-o«= VIOO = 10; 

or, - =8t»B = «»n30°; 

The triangle in this example is similar to the one 
in (1), but having the sides each five times as 
great 

(3.) c» = a« + J^, 

.-. 8 = a« + 4, 
and a = 2 ; 

. • . a = h. 

Now, ^=l = ton45°; 

a 

.-. B=45° 

Also, A = 90° - 45° = 45^ 

. • . A = 45°, B = 45°, C = 90, 

a = 2, 6 = 2, c = V8. . 



(4.) If a = 47 ft., 6 =: 39 ft., and = 90°, find A, 
B, and c. 

= V3gsor 

= 61. 

iStn A . a «^. 
/SwO c 61' 

. * . mra A = — sin 0, 
c 



84 BOLunoK or 

= -77049, 
= wn50°2(y; 
.-. A = 50°20'. 



B = 90° - A, 
= 90° - 50° 2a, 
= 39° 40*. 
Thereibre the triangle is completely known. 



(5.) If a = 2-75 ft., c = 3-5 ft., and = 90°, find 
A, B, and h, 

and h = Vc^ — a\ 

= VFBH75, 
= 2-19. 



Sin A _g^2-76. 

SwTC c 3-5 ' 

. A 2-75 . n 
. • . 8in A = js-=- «»n C, 

_ 2-75 

= sin 51° 47' - ; 
.-.A = 51° 47', 
and B = 90° - 51° 47', 

= 38° 13', 
and the triangle is completely known. 
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(6.) If a = 1-6 in., A = 14°, and C = 90°, find 
fi, b, and c. 

Sin A _ a . 

SinC " c *' 

c _ am C . 

a ««n A 
a sin C 



.'. c = 



sin A ' 
l*5gm9(y > 

8in 14P 

1-5 



" -24192' 
= 6-2. 



Then, h^ = d'^a*; 

.-.6 = Vc» - a\ 

= 6-37. 



And B = 90° - A, 

= 90° -14°, 
. = 76°, 
and the triangle is completely known. 



(7.) If c = 7in.,A = 24°, and = 90°, find B, 
a, ana h. 

Sin A _ a . 

iStSTO c ' 

. „ _ c 8tn A 
8tn 



iK> 


SOLUnOlI OF 






7 X -4067366 






-^ 






= -4067366 + 7, 






= 2-8471562. 




Then, 


c3 = a« + 2»^ 






. • . 6 = Vc* — tt*. 






= 6-39. 




Alflo, 


B = 90° - A, 
= 90° - 24°, 
= 66°. 




(8.) If a = 
A,^, and c. 


1 mile, h = 795 yards, 


= 90°, find 




. • . c = Va« + i^. 






= 1931. 




Then, 


«t» A a . 
«m ~ c ' 




• 
• 


.-.A = 64° 21'. 




And 


B = 90° - A, 
= 25° 39'. 
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(9.) If a = ^49 of a nule, A = 17°, C = 90°, find 
B, b, and c. 

B = 90° - A, 

= 73°. 



h — <* X am B 
sin A ' 
_ -49 X sin 73o 
sin 17° ' 
_ ^49 X '9563 048 
•2923717 ' 
= 1-59. 



Also, c = V a« + 6*, 

= >v/^493 + l-59^ 
= 1-65. 



aO.) If a'= 9 in., c = 18 in., C = 90, find A, B. 
and b. 

b = Vc^^a^^ 

= V'18«-9S 
= 15-6. 



Then, 



8tw A _ a 
«m c ' 
« 9. 

""18' 

9 

. ' . sin A = y- sin c, 

lo 

.-.A = 30°. 
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SINS AND OOSINX. 


And 


B = 90° - A, 




= 90° - 30°, 




= 60°. 



(11.) If c = 47 yards, A = 4°, C = 90°, find B, a, 
and&. 

B = 90° - A, 
= 90° - 4, 
= 86°. 



Then, a = £A^. 

8tn 

= 47 X -0697565, 

= 3-279. 



And Z> = V c* -'^, 

= 46-8. 



CHAPTER VII. (Page 72.) 

(1.) Find the values of the sine and cosine of 120^, 
in the terms of the ratios of 90° and 30°. 

Sin 120° = «tw 90° . cos 30° + CM 90° . sin 30°, 
= 1 X ^ + X J, 

""IT' 

which is the same as sin 60° ; 
i, «., «n 60P = (in magnitude) sin 180° ± 60°. 
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Then, cm 120° = cm 90° . cos 80° - m 90° . «n 30*, 

1 

" 2' 

which is = cos 60°, but with different sign ; 

%.€,, coa 60° = cos 180P± 60°. 

The other ratios are = those of 60^, with the signs 
proper to the second quadrani 



(2.) Sin 120° = sin 60°. cos 60° + cos 60°. sin 60°, 

_,^S 1.1 V3 
" "5" • 2 "^ 3 • T' 

= ?^ = A^, as before. 



Cob 120° = cos 60°. cos 60° - sm 60°. sin 60°, 
= (cos 60°)« - (sm 60P)*, 

= — i , as before. 



A.1S0, sin 120° = sin (180° - 60°), 

= stn 180°. cos 60°- cos 180°. sin 60°, 

- " • 2 ^ ^ ' "2"' 






, as before. 
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Alfio, C08 mr = co8 (180° - 60P), 

= COS 180°. C08 60P + sin 180°. sin 60°, 

- _1 1 +0 ^ 
= — i , as before. 



(3.) iSfin 90° = sin (45° + 45°), 

= sin 45° . cos 45° + cos 45°. sin 45°, 
= 2 8^45°. cos 45°, 

= 1 . as before. 



Cos 90° = cos 45°. cos 45° - sin 45° . sin 45°, 

= (72) " W ' 
= 0, as before 

rr c^__ s in 45° . cos 45^ + cos 45° . sin 45° 
^^^"^ ^ " cos 45° . cos 45° - sin 45° . sin 45°' 



="1 1 _ 1 _1_' 

72*72 72V2 
= ^ =: 00 , as before. 



(4.). 5tw 60° = sin (90° - 30°), 

= s*n 90°.cos 30° + cos 9(f.8in 30°, 



or A ± B. 41 

^, as before. 



Ow 60^ = COS (90° - 30°), 

= cos 90°. co« 30° + 6in 90*. «n 30°, 

= ^^ 4- 1 ^ 
= ^ , as before. 



Sec 60° = «ec (90° - 80°), 



= Ji_ (90^ - 30°\ 

COS 



^ 4- 1 ^ 
= 2, as before. 



(5.) Sine 27QP = sin (180° + 90°), 

= sin 180°. cos 90° + co« 180°. «iV/ 90". 
= 0.0-1.1, 
= — 1, as before. 



Sec 270° = sec (180° + 90°), 
= ij(180° + 90°), 



E 2 



^2 BATI08 OF A ± B. 

1 



COS 180°. cos 90°- sin 180°.«n90^ 

1 
-1.0-0.1' 

= 00, as before. 



Tan 270^ = tow (180° + 90°), 



8tn 



= VHt (180° + 90°), 
cos 





-1 
0' 












= 00 , as before. 










(6.) 


Co« 180° = cos (90° + 90°), 












= cos 90°. cos 90°- 


sin 


90*. 


sin 


90°, 




= 02 - P, 












= — 1, as before. 











ra»i 180° = ton(90° + 90°), 

= ?^ (90° + 90°), 
cos 

_ sm 90°. COS 90° + cos90°.sm 90° 
cos 90°. cos 90° - sin 90°. fdn 90°' 

, 1.0 + 0.1 

0.0-1. r 

- 0, as before. 
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CHAPTER Vin. (Page 74.) 

(1.) Express 14 '741 grades in degrees, minntes, <&c« 
A grade is »^ of a right angle, 

a degree is ^^r of a right angle ; 

Q 

. • . 1 grade = yTc of 1 degree ; 

Q 

. * . m grades =:--.ofm degrees ; 

g 
.• . 14*741 grades = tk of 14*741 degrees, 

_9x 14-741 ^^„^^ 
'■ — To ^^g^es, 

= 1 '4741 X 9 degrees, 
= 13-2669 degrees. 
This may also be written as 13° 16' 0-84". 



(2.) Express 14° 14' 14" in grades, minutes, &c. 
First 14° 14' 14" = 14 • 2372°. 

Then a degree = q- of a right angle, 
a grade = j^ of a right angle; 
. • . 1 d^ree = -^- of 1 grade ; 
r ,m degrees = - of m grades ; 

«7 



i4 KIASUBBMBNT 

. • . 14-2372° = y ^^ 14-2372 grades, 

_ 142-372 _,^,, 
= — g — grades, 

= 16-819 grades, 
= 15»49'8-4". 



(3.) In a right-angled triangle, the perpendicular 
equals half the hypothennse. Express the angles 
in degrees and grades. 

. * . hypothennse = perpendictdar x 2 ; 

. - . the angles are respectively 9(f , 60°, and 30°, 

.-.they are also ^ of 90^, 60«,and 30*^; 
. • . they are 100«, 06 - 6^, and 33 • 3"? . 



(4.) Find the ratio between 67° 14' and 77« 14' ; 
67° 14' = 67 • 233°, and 77* 14' =77-14 grades. 

A degree = -^- of a grade, 
r.m degrees = ^ of m grades, 

.-. 67-233° = i^ of 7714 grades, 

_771.4,^, „ 
= —g— grades, 

.-.67-233P = 85-7«, 

.-uid therefore the ratio of 67° 14' to 77 - 14«, 

_ 85-7 . 
77-14' 

t. e., they are as 85 -7 to 77 - 14. 
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(5.) Express 101 grades in degrees, minutes, &c. 
A grade = =^ of a degree; 

9 
. • . m grades = =^ of m degrees ; 

Q 

. • . 101 grades = yc\^^ ^^^ degrees. 

= 101 X 9 grades, 
= 90-9 grades, 
= 908 54'. 



(6.) Express 84° in grades, minutes, &c. 
A degree = -q- of a grade ; 

. • . m degrees = -^ of m grades; 

. • . 84° degrees = ^ of 84 grades, 

9 

= -g- grades, 

= 93-33 grades, 
= 93» 19' 48". 



CHAPTER IX. (Page 77.) 

(1.) Express 36° 10' as a fraction of «° 

« = 57-295+°; 

...3a^i(y = |;^^of., 

= •631of«. 



^6 OIBCULAB HEASXTRBMENT 

(2.) In a right-angled triangle^ one acute angle is 
j- of the other. Find the three angles and express 
uiem in English, French, and circular methods. 

Let A be the right angle, then — 

B:C::3:4; 

.•.B = ?of90°, 
and C = ^of90°. 



Therefore, A = 90°, 

B = 38° 34' IT, 
C = 61°25'43"; 

which is the expression in English measurement. 



Also, 


B = ^oflOO», 


and 


C = |oflOO«f; 


Therefore, 


A = 100, 



B = 42if 51' 25", 
C = 57« 8' 34"; 

which is the expression in the French method of 
measurement 



Lastly, 90°= "^^^ =^«° 

and C = Jof-«!^^-^ = 2jr„o. 
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•»® X IT 



— , 2 


— •__ tj 


'Vf • 




• 
• • 


A = 900, 

B = 38° 4r 17", 

= Sr 25' 43", 


which is the 
suxemeni 


expr( 
»4 


Bssion in terms of circular mea- 


(3.) Exprei 


in grades, also in degrees. 




0*° 

4 


57-295 
- 4 ' 

= 14-324.° 



Bnt also 14324° = ^ of 14-324«; 
.-. 14-324° = 15-704«'. 



Therefore, -^ = 14-324» = 15-704*. 
4 



(4.) A circle has a radius of 8-47. Find the ratio 
of an arc of 4 - 27 to the circumference. 

The circumference of a circle has to its diameter 
the ratio of 3 * 14159 ; i. e. — 

circumference : radius : : 6*28318 : 1 ; 
.*. circumference = r^us x 6-28318; 
. • . if the radius = 8*47, 
circumference = 847 x 6-28318, 
= 53-219, 



48 ACTUAL VALUBB 

and an arc of 4*27 is to the drcumference 

4-27: 53-219; 

4*27 
. * . the ratio =: : ., 

53-219' 
which is greater than ^ bnt less than ^. 



g 




CHAPTER X. (Page 81.) 

1.) The stTie of an angle = *3784 of the radius, 
^ind the angla 

A 

perpendicular _^ 3784 
hypothennse 10000* 

c 

Beferring to the table on page 78, we find the 
sine of 23° 34' to be • 3998158. Therefore the angle 
whose sine is *3784 must be somewhat less tluui 
23° M', and referring to a table of natural sines, we 
find— 

nat. sin 22° 14' = -^83794, 

not, sin 22° 15' = -3786486 ; 

therefore the given angle is greater than 22° 14', and 
less than 22° 15'. 



(2.) In a right-angled triangle the perpendicular 

is -=- of the hypothennse. Find the three angles. 
5 

Now, 1 = '% 

o 

and referring to the table on page 78, 
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we fina sine of IP 32^ = • 199938, ^ 

and sine of 11° 33' = • 200223 ; 

.". '2 is the sine of an angle between 11° 32^ and 
IF 33' ; and . • . the other acute angle is between 
78° 27' and 78° 28". 

Therefore the three angles are resi)ectively — 
90°, 11° 32' and 78° 28". 



(3.) The base of a right angle is ^ of the hypothe- 

nnse, find the three angles. 

Now -5- = '333, and referring to the table on 
o 

page 78, we find — 

«i7ieofl7°28' = -3001609; 
. • . one of the given angles is greater than 17° 28'. 
Now referring to a table of natural sines, we find — 

sine of 19° 32' == • 3332584, 

8me of 19° 33' = -3335326; 

. • . the given angle between 19° 32' and 19° 33'. 

Therefore, the three angles are, respectively, — 
90°, 19° 32' and 70° 28'. 



(4.") In a right-angled triangle, B = 
a = 49 • 4, and A = 90. Solve the triangle. 

First, O=180°-A + B, 

= 66° 26\ 



= 23° 34', 



Then the natural sine of 23° 34' = - 3998158 of the 
radius (see table on page 79) ; 

F 
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.-.6= -3998168 of 49-4, 
^ 3998158 ^^AQ.A 
"10000000 ' 

A 

= =^ of 49*4 (very nearly), 
= 19-76. 



Alse, c = V a^ - P, 

= V49-4^ X 19 -TG*, 
= V2440"^390^7, 
= V2049-54, 
==45-2. 



Therefore, A = 90°, 

B = 23° 34', 
C = 66° 26', 
a = 49-4, 
6 = 19-76, 
c = 45-2. 



CHAPTER XI. (Page 87.) 

Solution of Oblique-angled Triangles. 

(1.) Given C = 14° 24', a = 478, h = 394. 
Eequired A, B, and c, 

sin A a . 



Now, 



sinB b' 
8in A -- sin B _ a — &. 
ain A + stn B a 4 i ' 
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. tan jj^A — B) _a — b 
* tan i ( A + B) "~ a + 6* 
Brit- 
tow i (A+B) = tan i (180° - c), 

2 a + 6 2 

.-.logton— ^ = log (o- J) -log (a + J) + log co^j^; 

.-. Lton Arl = log(a-6) - log(a+J) -^Jjcot^; 

= log 8-4 - log 87-2 + L co« 7° 12^, 
= L tan 37° 19' 36" ; 

.-. ArJ = 37° 19' 36" ; 

.•.A-B = 74°39'12", 
and A + B = 165°36'; 

.•.2A=240°15'12", 
aDd A = 120° 7' 36", 

also B = 45° 28' 24". 



Then, £ = i!$LC. 
a 8tnA 

. ^ _ <* • «*^ C . 

Sin A 

. • . log c = log a + L Sin C — L sin A, 

= log47-8+L«ml4°24'-L120°7'3C", 

= log47-8+Lwnl4°24'-L30°7'36", 

= log 23-6841. 

.•.c= 23-6841. 
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Therefore, 


A 


= 120° 7' 36", 




B 


= 45° 28' 24", 







= 14° 24' 




a 


= 47-8, 




h 


= 39-4, 




c 


= 23-6841, 


and the triangL 


B is completely known. 



(2.) Given B = 17° 34' 18", a = 23*94, c = 1714. 
Beqnired A, C, and h. 

Now ?^A= t' 
Sin C c 

sin Asin _ a — c 

' sin A + ww C a -{- c* 

and as before — 

, A - C a-c.B, 
tan — ^ — = — --cot -^, 
2 a -^ c 2 

... Jjtan^^ = log (a-c)- log (a + c) + Lco<^, 

= log 6-8 - 41-08 + L co« 8° 47' 9", 
= Lto7i46°57'50"; 



• 1 






and 


A-C= 93° 55' 40", 




also 


A + = 162° 25' 42" = 180° - 
.-.A = 128° 1^41", 


-B; 


and 


C= 34° 15' 1". 




Alao, 


h _ sin B . 
c sin C ' 
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. ^ _ *^ • **^ -B . 

8tn G 
. • . log & = log c + L sin B — L M'n C, 
= log 17-14 + L sin Vr 34' 18"-L sin 34° 16' F, 
= log 11-5704; 
.•.6=11-6704. 



Therefore A = 128° 10' 41" 
B = 17° 34' 18" 
C = 34° 16' 1" 
a = 23-94, 
b = 11-5704, 
c = 17-14, 
and the triangle ia completely known. 



(3.) Given A = 39° 14' 29", b = 87-4, c = 84-3. 
Required B, C, and a. 

As before — 

sin B _ 6 . 
sin C c ' 

, sin "B—sin C _ 6 — c . 

* sinB-^sinC b ■{■ c* 

. tan i (B-C) ^ />~c . 

' ' towi(B"+C) 6 + c' 

and«cw»i(B-C) = ^^^co« 4 

+ c 2 

. .. Jjtan^^ = log(J-c) - log(6 + c) + Lco^^, 

= log3-l-log 171-7+ Lcoa9°37'14", 

= L ten 2° 54' 2"; 

F 2 
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.-. ?^ = 2°53'59", 

and B - = 6° 47' 58", 

also B + C = 140° 45' 31" = 180° - A; 

.•.B = 73° 16' 44", 
and C = 67° 28' 46". 



Again, a = 



sin c ' 



. • . log a = log c + L stn A — L wn C, 
= log 84-3 + L sin 39° 14' 29" -L sin 67° 28' 46", 
= log 57-7196. 



Therefore, A = 39° 14' 29", 
B = 73° 16' 44", 
C = 67° 28' 46", 

a = 57-7196, 
h = 87-4, 
c = 84-3. 



(4.) Given A = 14° 3' 41". h = 84-41, a = 327. 

Now, ^^ = ^; 
sin A c 

. ■£» ^ • sin A 
. • . stnB = : 

a 
. • . Jj sin B = log & + L st/i A — log a, 

= log 84-41 +L sm 14° 3' 4"- log 327, 
= L sin 38° 48' 32" ; 
.-. B--= 38° 48' 32", 
and C = 180° - (A + B), 

= 180° - 52° 62' 13", 
= 127° 7' 47". 
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Again, c=*L?i"C 

8tn B 
. • . log c = log J + L stn — L sin B, 
= log 84-41 + L sin 127° 7' 4r-L sin 38° 4& 32" 
= log 81 -2983, 
. • . c = 81-2983, or 81-2983 + 46-2. 

Because B, from its sine, may be greater or less 
than 90°. 



Therefore A = 14° 3' 41", 
B = 38° 48' 32", 
= 127° 7' 47", 
a = 32-7, 
b = 84-41, 
c = 81-2983 + 46-2 = 127-4983. 



(5.) Given B = 37° 8' 32", a = 39-47, b = 84-32. 
Required A, 0, and c. 

Then, ?^lA = ? . 
sin B b ' 

.-. «mA=iifi^, 

b 

89-47 . T, 

= 84^"^^ 

= g^8»^37°8'32"; 

. - . L sm A = log a + L st/i B — sin b, 

= log39-47+Lsm37°8' 32" -«i» 84-32, 
= L 16° 25' 3" ; 
.-.A = 16° 25' 3". 



Then, C = 180° - (A + B), 

= 126° 26' 25", 
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and e = . .p ; 

sin B 

. • . log c = log 6 + L «tn C — L «tn B, 

= log 84-32 + L sin 36° 26' 25" -L sin 37° 8' 32", 

= log 82*9499; 

.-.c = 82-9499. 



Therefore A= 16° 25' 3", 
B = 37° 8' 32", 
= 126° 26' 25", 
a = 39-47, 
h = 84-32, 
c = 82-9499. 



(6.) Given C - 41° 13' 42", b = 14-27, c = 39*41. 
Bequired A, B, and a. 

First, ^ = ^; 
8in C c 

, . ' -D h sinC . 

c 

'.lisinB = log 6 + L sm C — log c, 

= log 14*27 + L sin 41° 13' 42"- log 39*41, 

= L sin 13° 48' la', 

.-.B = 13° 48' 10". 



and 



Then A = 180° - (A + B), 

= 124° 58' 8". 
a sin A 



c sin 0' 
c . sin A 
stn O 
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. • . log a = log c + L»m A -^Itsin 0, 

= log39-41 + L«n34°68'8"-L»m41°13'42"; 
.-.a =34-2811. 



Therefore, A = 124° 68' 8", 
B= 13° 48' 10", 
0= 41° 13' 42", 
a = 34-2811, 
h = 14-27, 
c =39-41. 



(7.) Given A = 14° 31' 14", B = 80° 1' 4", c = 39-78 
First = 180° - (A + B), 

= 85° 27' 42". 



Then, 



b _ sin B . 

c sin (j* 

• A -. c • **^ B 



sin ' 

. • . log J = log c + L sw B - L WW 0, 
= log 39-78 + Lww 80° r 4"- L sin 85° 27' 42", 
= log 39-301 ; 
= 39-301. 



Also, ^^smA, 

b sinB' 
. „ _ b.sin A, 
8tn B 
. • . log a = log 6 + L sm A — L sin B, 
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= log 39-801 +L sin 14° 31' 14"- L sin 80° V 4", 
= log 10-0009; 
.•.a = 100009. 



Therefore, A = 14° 31' 14", 
B = 80° r 4", 
C = 85° 27' 42", 
a = 10-0009, 
b = 39-301, 
c = 39-78. 



(8.) Given A = 89° 14' 14", C = 30°40', 6 = 41-69. 
Eequired, B, a, and c. 
First, B = 180° - (A + C), 

= 60° 5' 46". 



Then, 



a _ sin A . 
X sin B* 

b . SlTl A 

a = 



sin B 

. • . log o = log & + L «tn A — L sin B, 
= log 41 • 69 + L sin 89° 14' 14" -L sin 60° 5' 46", 
= log 48-0887, 
.-.0 = 48-0887. 



Also, 



c __ sin . 
b sin A ' 

a ,sin C 
sin A 



.-. c = 
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. • . log c = log a + L 8in C — L sin A, 
log 48-0887 + L sin 30°4(y- L sin 89° 14' 14" 
= log 24*5407; 
.•.c = 24-5407. 



Therefore, A = 89° 14' 14", 
B = 60° 5' 46", 
C = 30° 40^, 

a = 48-0887, 
b = 41-69, 
c = 24-5407. 
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PAET n. 



stn 



1 

(1.) Prove — ' = -7 , , 
^ ^ cos \ cosec^ — I 



1 

stn = , 

cosec 





COS : 

. sin 
cos 

a 

Prove CO0 




V cosec* — 
"~ cosec 


1 




= V 1 — «*w^ 

1 . ^ 

cosec • 

1 


osec^* 

1. 




cosec^ — 1 
cosec 






V cosec 2 — 


1 

— cos*, 

.„ 1 — sin 

cot^ = :-^ 

stn^ 




(2.) 


. COS* = cot^ • 






00* - 


— stn*. 

— ; ^ f • • 

stn 


t* 
— > 



cos = V 1 — sin*; . * . cos* = 1 — am*; 

.-. co<* X cos* = ?— 4- X (1 - 8in% 

stn^ 

and CO** - cos^ = ^ "/?' - (1 - stn*). 
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But ? -.7' X (1 - «•«») = l^? 'in' + »in\ 
also. 1-.7' - (1 - «•»») = 1-2 »m\+jm* 



. • . COt^ X C08^ = COt^ ~ C0«*. 



(3.) Prove sec^ x cosec^ = gcc^ + cosec^, 

1 . 2_ 1 



sec 



cosecs: JL; . ' . cosec'-* =s -Jl_. 
8in sin''* 

Then, aec^ x cosec^ = - — i- x -L, 

l^sm^ sirr 

_ 1 

and sec" + cosec^ == ^ — i — - + -~-, 

1 — sin^ sin''* 

_ sin^ + 1 — sm^ 
sin^ — sm^ ' 
1 



«17*'' — «7i* 

. ' . 8€C^ X cosec^ = sec^ + co8ec\ 



(4.) Prove tow 60° = ,^"^ ^0° + ton 40° 
^ ^ 1 - tow 20° ton 40*^ 

For let 20° = A, 40° = B, and 60° = A + B. 

Then tan (A + B) = !1!L(A_+B) 

^ c(^8 (A + B)' 

_. sin A cos B + COS A sin B 
COS A cos B — sin A st// B* 

o 
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(and diyiding numerator and divisor by cos A cos B) 
sin A 008 B cos A sin B 
_ co« A cos B sin A.sin B 
"~ cos A cos B sin A sin B' 
cos A cos B "^ cos A cos 'B 

__ tan A + tan B 
1— tan A tan B* 

T ^ A T> ^<^w A — tan B . 

In same way tan A — B = -^ j— i — t> * 

1 + ton A ton B 

. / AAo- <aw20° + ton40° 
• • ««^^^- l-ton20°ton4O°' 

also, ton 2y /^^ ^ -/^^ ^,. 
1 4- ton 40° ^cm 20° 



(5.) Prove (ton 45° + A) = ]±^!±^, 
^ 1 — ton A 

For, ten (A + B) = ii!L(A±B) 

COS (A + B) 

_ ton A + ton B . 
1 — ton A ton B ' 

• tonr45°4.A^ - ^^' ^^° + ^^^ ^ • 
. .ton(4& +a;-j--^— jgg-^^^, 

1 + ton A 



• . ton 45° = 1, = 



1 — ton A* 



In same way ton 45° — A = , r— r- 

1 + ton A 
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(6.) Proye l±J*lA = tan f 45° + ^V 

C08 A \ 2 / 

tin A = 2 sin ^ cos ^, 

= COS* — — sm* ^, 

and co«' + sin * may always be written for 1 ; 

- . . cos^ + sin^ + 2 «m -yr- ccM -pr 
. 1 + «in A 2 2 



• • 



<^os A ^^ejA „. a A 

cos* -= — »in* — 

4a A 



cos^ ^■\' sin* a- + 2 sm -«■ coa ^ 



^-^5 



cos^-^ — stn^^ 
A A 



But, C08* + ain' + 2 «in cos = (cos + «7i)*, 

= (cos + sin) {cos + sin) ; 
alBO, cos' — sm' = (cos + sin) (cos — stn); 

A A^ A A 

cofi^^-\-sin*^^^n^cos^ r,os-\-Hn){cos^-sm) 

A _ A (cos + tin) (cos'^sin) 

COST 2" — «*»' "o 

and diyiding by (cos + tin) j j' 

and diyiding both by cos -=^ = j-. 

^ 1 - ton :| 
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l + tan^ 

But, tan 45° + 4 = a ; 

2 1-^tan^ 

. 1 + sm A _ 



cos A 



= tan (45° + ^. 



(7.) Given a = 14-713, c = 7-81, B = 47°. 
Bequired A, C, and h. 

Then, f$l^=^; 

. «*« A — sin C a — c 
sm A + sin a + c' 
, tan i (A — C) _ a ~ c 
tow i (A + C) a + c' 

But tow i (A + 0) = tow i (180 - B), 

= «.»; 

. •. tow i (A- C) = 5^-^^ . cot 5, 
^ '^ a + c 2 



22-523 

.•.Ltowi(A-C) = log6-903-log22-523+Lcoe23°30', 

= 9-0871114, 
= L tow 6° 58' 3"; 
.•.i(A-0)= 6° 58' 3"; 

.-.A-C = 13°56'6", 
and A + C = 180° - B, 

= 133° ; 

. • . A = 73° 28' 3", 
and C = 59° 81' 57". 
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c 8xn C 
c . sin B 



.-.& = 



sin 
7-8l.«m47° 



. • . log 6 = log 7-81 4- L «n 47° - L wn 69°3r 67"; 

.'.J = 6-625. 
Then, A = 73° 28' 3", 

B = 47°, 

C = 59° 3r 57" ; 

a = 14-713, 
b = 6-625, 
c = 7-81. 



(8.) Given b, c, and B, to find A, C, and a. 
Let 6 = 14-71, c = 18-714, and B = 39° 4'. 

sin C c 



Then, 



sin B 6 ' 

. - . sin C = -=• WW B ; 
b 



.', 1j sin C = log 18-714 + L«w 39° 4' - log 14-71, 
= L sin 63° 2(y 24", or 126° 42' 26" ; 
. • . C = 53° 17' 34", or 126° 42' 26". 



Then, A = 180° - (B + C), 

= 180° - 92° 21' 34", 

or 180° - 165° 46' 26", 

= 87° 38' 26", or 14° 13' 34". 



o 2 
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Taking the smaller value, a = _ i-£^— : 

sin B 

. • . log a = log & + L sin A — L sin B, 

= log 14:-71 + L WW 87° 38' 26"-L stn 39^ 4', 

= log 23-321; 

.-.a = 23-321. 



Or, log a = log 14:-71 +L sm 14^13' 34"-L«m39°4:', 
= log 5-736; 
.-.a = 5-736. 



Therefore, A = 87° 38' 26", 

B = 39° 4', 
= 53° 17' 34", 

a = 23-321, 
b = 14-71, 
c = 18-714. 



Or, A= 14° 13' 34", 

B= 39° 4', 
= 126° 42' 26", 

a = 5-736, 
h = 14-71, 
c = 18-714. 



(9.) A = 49° r, B = 37° 5', c = 37-4. 

Find C, a, and h. 

Then, C = 180° - (A + B), 
= 93° 64'; 
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, _ C . sm B . 

• log 6 = log c + L sin B — L sin C, 

= log 37-4 + L sir* 37° 5' -L sin 930 54, 

= log 22-65; 

6 . sin A . 

.-. loga=log 22-65 + Lsm 4901' -Lsin37°5, 

= log 28-35; 
. • . a = log 28-35. 

Therefore, A = 49*^ 1', 

B = 37° 5', 

C = 93° 54', 

a = 28-35, 

b = 22-65, 

c = 37-4. 



(10 ) Given B, C, and 6, to find A, a, and c. 
Let B = 95° 3', = 14° 32*, and b = 7-8. 
Then A = 180<' - (B + C), 
= 70° 25' ; 

b ' sin A . 

• log a = log 7 -8 + L sin 70° 25' - L sin 95° 3', 

(But »in 95° 3' = 900-60 3' = 84© 67'.) 

= log 7-377; 
.-.a = 7-877, 

, 5 . sw C . 
and c = — : — ^5— » 
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logc = 



.'. C = 



Therefore, 



logft + L 


stn C — L sin 


B, 






log7-8 + L«ml4«32- 


- L sin 


84° 


6T 


log 1-964; 










1-964. 










A = 


70° 25', 








B = 


95° S', 








C = 


14° 32*, 








a = 


7-377, 








h = 


:7-8, 








c = 


1-964. 









(11.) A castle is sarrounded by a moat Find ihe 
height of the castle and the width of the moat 




D C B 

Let A B be the castle, and B G the moat Let 
the angle A G B be measiired, also the angle A D B ; 
D G being any distance measured along the ground 
from C, in the line B G. 

Let A GB = 60°, ADB = 40°, DG = 50 feet 
Then, A GD = 120°, and in the triangle ADC 
we haye two angles and the included side. 
Thns, a = 60°, D = 40°, G = 120°. 
Then, A = 180° - (120° + 40^) = 20°, 
a . sin D 



and 



d = 



sin A ' 

50 . sin 40 

sin 20 
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logd 
.'. d 



log 60 + L sin 40° - L sm 20°, 

log 93-97, 

93-97. 



Then in triangle ACB we have the side AC, 
which was d in triangle ADC, but is 6 in triangle 
ACB, also the two angles C and B. 

Thus, h = 93-97, C = 60, B = 90. 

-^ ^ h' sin C 

Then, 



c = 



sin B 



. • . log c = log 93-97 + L sin 60° - L sin 90°; 

.-. log c= log 81-38; 

.*. c = 81*38, which is the height of the 
castle. 



Then a = V b^ ^ c^, 
= V2207'-65; 
= 46-9, which is the width of the moat. 



(12.) A C is a flagstaff on the top of a tower C D. 
Required the height of each. 




Let BD be a measured distance of 70 feet, the 
angle CBD = 49°, and the angle ABD = 57°. 
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Then in triangle ABB we have all the angles 
and one side given. 
Thns, a = 70, B = 57°, D = 90°, and A = 33°. 

Then, h = <i^^^ 
8%n A 

_70.8iVi57°. 

sin 83° ' 

. • . log 6 = log 70 + L wn 67° - L sin 33°, 

= log 107-78; 

. • . 6 = 107*78, which is the total of tower and 
flagstaff. 



Then, in triangle C B D, we have — 

c = 70°, B = 49°, and I) = 90°; 
.-.0 = 41°, 

and 6=£^i^; 

. • . log 6 = log c + L «tn B — L wn C, 

= log 70 + L sin 49° - L sin 41°, 

= 80*526 feet, which is the height of 
the tower ; 

. • . flagstaff = 107-78 - 80-526, 

= 27-254 feet 



(13.) Beqnired the width of a marsh. Take any 

A 




Sac 



point A on one side, and any points B, C, on tho 
other. Measure B C. 
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I^t B = 350, C = 71°, and a = 179 yards. 
Then, A = 180° - 74° ; 



also, 6=?^ii^; 

sm A 

. • . log 6 = log 179 4- L «n 35° - L sin 74°, 

= log 1068; 

. • . 6 = 1068 yards, 



and c = ±L?^; 

8tn A 

. • . log c = log 179 + L wVi 71° - L stn 74S 
= 1760-6. 



Then in the two triangles A B D, A C D, we know, 
in each, one side and two angles, and can therefore 
find A J), which is the width of the marsh. Thus, 

in A B D, we have — 

B = 35°, D = 90°, and A B, or rf = 17606. 
Then AD - ^^'^35° . 

.-. AD =r AB.«tn35°; 

. • . log AD = log 1760-6 + L sin 35° - 10. 
= log 100-9; 

.-. AD = 100-9. 

Therefore the width of the marsh from A to D is 
100-9 yards. 

(14.) The spire of a chnrch, 200 feet high, sub- 
tends at A, on the north, aa angle of 24P, and at B, 
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on the east, an angle of 31°. Required the distance 
of A from B. 

In triangle D B we have — 

CD = 200,B = 3P,D = 9(P. 

Then = 59°, and— 

CD ,8inG , 

sinB ' 



BD = 



.-. log BD = log 200 + L sin 59° - L sin 3P, 
= log 332-8; 
.•.BD = 332-8. 



In triangle C D A, we have — 

CD = 200,A = 24°,D = 90°; 
. • . C = 66°, and 

CD.smC. 



AD = 



sin A 



. - . log A D = log 200 4- L sin 66° - L sin 24°, 
= log 448-48. 

Then, having found B D and A D, we have, in the 
triangle A D B, 

B D = 332-8, A D = 44848, and D = 90°. 
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The third side, A B, will be the distance between 
the two points of obserration. 

Then, AB' = A D-hBD^ 

and AB = VAD^ + BD* 

= 668 '4 yards, 

which is the distance between A and B. 

(16.) From the ratios of 90° and 60° find those of 
150° and 80°, 

160° = 90° + 60°, 
and »m 150° = w» 90°, cos 60° + cos 90°. «» 60° 

= 1 x-i.+ x-^ 

_1 

■""2"' 

and this is evidently correct, for 160° = 180° - 80°, 
therefore the ratios of 160° are equal in magnitude 
to those of 80°. 

Haying found the sin from the ratios of 90° and 
60°, we may find the other ratios in the ordinary 
way: thus — 

COB = Vl — 8in^» 



■V 



'-l. 



2 



tan = — = ^ -1- _? 
C08 2 • V5' 

1 

tan 
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C08 ^S' 



co8ec = —r-= 2 
8in 

But tbongb the magnitudes are equal, the signs 
are diflfereni For 30°, all the ratios are + ; for 150°, 
all but the sine and cosecant are — . But the above 
formula should give the sign as well as the magni- 
tude, as we find it does. 

For cos = ± a/ J. 

T"' 

We choose the — sign because we know 150° to 
be in the second quadrant. 

Then. tan = ±^l^^, 

_-l 

and the remaining ratios follow from these with 
correct signs. 

But, if the angle be 30°, we choose the + sign for 
the cos, and we find all the rest haye the same sign. 



(16.) From the ratios of 90° and 30°, find those of 
120° and 60°. 

120^ = 90° + 80°, 
60°= 90° -30°; 
. • . sin 120° = OTTO 90° cos 30° + cos 90° sin 30°, 

= lxA^ + 0xl, 
^"2"' 
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and sin 60° = «n 90^ cos 30° - cos 90° sin 80°, 

so that sm 60° and sin 120° are the same, both in 
sign and magnitude. 

Again, cos 120° = cos 90° cos 30° - sin 90° siVi 30°, 

" ^ 2 2' 

and cos 60° = cos 90° cos 30° + sm 90° sin 30°, 

= Ox^ + lx-- 
-ux ,^ ■♦■A X 2* 

.-.cos 120° = -L 
and cos 60° = + i. 

From stn 120° = ^-?, cos 120° = - i, 

sw 60° = ^, cos 60° = i, 

we get, very easily, the remaining ratios of both 60° 
and 120°. 

(17.) From the ratios of 60° and 30°, find those of 
90°. 

90° = 60° + 30°; 

.-. sin 90° = sin 60° cos 30° + sin SGT cos 60°, 

_ V3 . V3 . 1 ^ 1 

* 2 ^"2*^22' 

= 1. 
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sin 90® 
cos 

tan 
coi 
see 
oosee 
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= 1, we get— 
= Vl — sin\ 

= 0. 




sin 1 ^ 

= = _ = 00. 

cos 




= 1 =i=a 

tan 00 




- 1 -!-« 

= = - = 00. 

cos 




- 1 -i-i 

«m 1 



^^ 



From the ratioa of 90° and 45^ find those of 



136*^ = 90° + 45°; 
.-. «nl85*' = w» 90° aw 45° + cos 90° «n 46o, 

1 

"72- 



Mid cos 136° = CM 90° cos 45° - nn 9(r (tn 45°, 

_-l 

■"72- 



We see from this, and previous examples, that 
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COS as deriyed &om v^l ^ «in^ is uncertain as to 
sign, but as derived from cm a cosh ^ sin a sin b is 
correct in sign as well as in magnitude. 
From sin and cos of 135°, as above, we get — 



. stn T 

tan = — =1, 
cos 

cot =£?=!, 
stn 

sec =JL=:J2, 

sec 

cosec = -r- = a/ 2. 
stn 



(19.) From the ratios of 60° and 45° find those of 
105° and 15°. 

105° = 600 + 45°, 
15° = 60° - 45° 
Then sin 105° = sin 60° cos 45° + coa 60° sin 46°, 

-V3 _1_. 1 1 
~'2 V2 2V2' 
-V3 . 1 

"7« 78' 
_ 1 + V3 

cos 105° = C08 60^ co« 46° - «iw 60° sin 45^, 

2 V2 2 • V2' 
- 1 «V3 
" 78" 78' 
-1-73, -( /3~1) 

~ ~78 TSi • 

H 2 
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Also, MR 16° = nn 60° 00* 46° - cm 60° <m 46°. 

_*/3 1 _1 1 
~ 2 • 75 2 • 71' 

_V3_ JL 
~ V8 V8' 
_ V3-1 

^ 

00* 16° = oo< 60° co« 45° + w» 60° mn 46°. 
_1 1 . V3 1 
~2*72'^~2""72' 
_ 1 +V3 

"75 7S' 
_ l + V8 

Erom these we get, very leadily, the lemaining 
ratios of 106° and 16° : thti»— 

ton 108° = ^, 
co» 

_ l + V3 ^1-y8 
_ 1 + V3 



ton 16° = f!?, 
cos 



_V3-1^1 + a/3 

75" • ~78 ' 

_ a/3-1 
1 + a/3' 
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1 11 

Then. »ec = — , cosec = —r-, cot = — . 
C08 8tn tan 



Notioe that the sine and cosine, when obtained from 
the formulsd of a + and a — /3, have the correct 
signs, and that therefore it is better to find the 

cosine thns, than by the formula cos = a/1 — sin*, 
which, giTing the double sign, ±, leaves it ambigu- 
ous which is correct 



(20.) From the ratios of 80° and 45^, find those of 
76° and - 16°. 

By — 16° is meant an angle of 16° measured the 
contrary way to + 16°. The one angle, 15°, is in the 
first quadrant; the other, — 15°, is in the 4th quad- 
rant. 

Then, «»» 75° = 45° cos 80° + cos 46° «» 80°. 

_ 1 V3 . 1 1 

V8 V8' 
_ V8 + 1 



cos 76° = cos 46° cos 30° - sin 46° sin 30°, 

- L a/3_ 1 1 
"V2'"3" 72-3' 

^ V3 _ J__ 

V8 V8' 
-a/3-1 

— 78- 
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tin - 15° = tin (30° - 45°), 

= «»« 30° COS 45° - co» 30° «»n 46°, 
^1 1 _V3 1 
2 • V2 ~2" ^2' 

^ 1 V3 

_ l-^3 
~"78~' 
_-(V3-l) 
V8 



cos- 15° = CM (30° - 450), 

= CM 30° cos 45° + c<M 80° sin 46°, 

^V3 1.11 
2 V2 2V2' 

= V3 + _L 
V8 V8' 

_1 + V3 

"~78— 

Notice that the ratios of 15° eqnal, in magnitade, 
the ratios of — 15°, but that, while all the ratios of 
15^ are + (as being in the first qnadrant) those of 
^ 15° (in the fonrtii quadrant) are all — but the 
C08 and sec. 

Thus, • tan = ^, 

cos 

_ -(V3-l) 

" V8 ' 
_ 1 + V3 

7S~' 

= - (i/3- 1) 
1 + V3 ■ 
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(21.) If the diameter of a circle be 10 feet, what 
angle does an arc of 7 feet subtend ? 

Let d = diameter, c = circomference, A = the 
required angle. 

Then, d = 10; 

.•.c = 10 + 3-1415, 

= 31-415. 

Then, the angle haying an arc of 7 feet is to 360° 
(4 right angles) as 7 feet is 31 '415 feci 

.•.A:360°::7:31-415; 

360° X 7 



.•.A = 



31-415 ' 
= 80° 12' 59". 



(22.) If the radius be 8 feet, what- is the length of 
the arc subtending an angle of 49"" ? 

If r = 8, then d = 16, 

and c = 16 X 3-1415, 

= 60-264. 

Then, arc : 50-264 :: 49° : 360°; 

. o,. _ 60-264 X 49 

• '^^ 360 ' 

= 6-84 feet. 

(23.) If the length of an arc be 8 inches, and the 
angle 4°, what is &e length of the radius ? 

Now, 4°:360°::8:c; 

. ^_360x8 

= 720; 
^^' ^ = 2 X ^415 - 
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720 

6-283' 



(24.) In a circle of 12 feet radius, find the nnmber 
of degrees in an arc of 40 inches, and the length of 
aa arc of 40° 

If r = 12, then d = 24. 

Firstly: and c = 24 x 3-1415 = 75-4. 
Then, 3-3 : 75-4 : : arc : 360°; 

360° X 3-3 
'•'"^= 75-4 ' 
= 15° 45', 

and therefore an arc of 40 inches (3*3 feet) subtends 
an angle of 15^ 45'. 

Secondly: as 360° : 40° : : 76*4 : arc; 
. ^^^75-4x40 

• 360""^' 

= 8-38; 
.-. an arc of 40° = 8-38 feet in length. 



(25.) The circumference of a circle is 18 feet; 
find the length of an arc of 80°, and the number of 
degrees in an arc of 4 feet. 

Firstly : as 360° : 80 : : 18 : arc; 

. arc -§2^1^ -4- 
* '"°"" 360 " ' 

. • . arc of 80° = 4 feet 



Secondly : the number of degrees in an — 

4, a r i. 360° X 9 
arc of 9 feet = tq — , 

lo 
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= 1800; 
.•.arcof9feet=180°. 



(26.) In each of two circles, one of 3 inch radius, 
and the other of 4 feet, take an arc of 20*^ and com- 
pare the lengths. 

c = r X 2 X 3-1415, 

= r X 6-2830; 

then, one arc = ^- inches, 

lo 

and the other = 48x 6^283 ^^y^^^ 

lo 

then the lengths are respectively 1047 and 16*752, 

and their ratio = To-wFci' 

Ib'iOiS 
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